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ical type, investigated in Kwiecien´ and Skowron´ski (2009) [27],
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selﬁnjective algebras having triangular Galois coverings with inﬁ-
nite cyclic group and the Auslander–Reiten quiver with quasi-tubes
maximally saturated by simple and projective modules, satisfying
natural conditions.
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Introduction and the main result
Throughout the article, K will denote a ﬁxed algebraically closed ﬁeld. By an algebra is meant
an associative, ﬁnite-dimensional K -algebra with an identity, which we shall assume (without loss of
generality) to be basic and indecomposable. For an algebra A, we denote by mod A the category of
ﬁnite-dimensional (over K ) right A-modules, by ind A its full subcategory formed by the indecompos-
able modules, and by D : mod A → mod Aop the standard duality HomK (−, K ). An algebra A is called
selﬁnjective if A ∼= D(A) in mod A, that is, the projective A-modules are injective. Moreover, A is called
symmetric if A and D(A) are isomorphic as A–A-bimodules. An important class of selﬁnjective alge-
bras is formed by the orbit algebras R/G , where R is a selﬁnjective locally bounded K -category and
G is an admissible group of automorphisms of R . Then, we have a canonical Galois covering R → R/G
which frequently allows to reduce the representation theory of R/G to the representation theory of R .
In the theory, the selﬁnjective orbit algebras Bˆ/G given by the repetitive categories Bˆ of triangular
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the triangular algebras are algebras with acyclic Gabriel quivers, and consequently have ﬁnite global
dimension. We also note that, for the algebras B of ﬁnite global dimension, the stable module cate-
gory mod Bˆ is equivalent (as a triangulated category) to the derived category Db (mod B) of bounded
complexes over mod B [21]. Criteria for a selﬁnjective algebra A to be of the form Bˆ/G have been
established in [44,45] (see also [46]).
An important combinatorial and homological invariant of the module category mod A of an alge-
bra A is its Auslander–Reiten quiver ΓA . The vertices of ΓA are the isoclasses [X] of modules X in
ind A, and the number of arrows from [X] to [Y ] in ΓA is the number of linearly independent irre-
ducible morphisms in mod A starting at X and ending at Y . Moreover, we have the Auslander–Reiten
translations τA = D Tr and τ−A = Tr D . We shall identify a vertex [X] of ΓA with the module X . Fre-
quently, we may recover A and the whole category mod A from the shape of connected components
and positions of distinguished indecomposable modules in ΓA . For example, it is the case for the tame
blocks of group algebras and the selﬁnjective algebras of polynomial growth (see [1,15,36,42,43]). By
a component of ΓA we mean a connected component of ΓA .
We are concerned with the distribution of simple and projective modules in the Auslander–Reiten
quivers of selﬁnjective algebras (see [7,10,16,18,19,23–26,30,38] for some results in this direction).
For a selﬁnjective algebra A, we denote by Γ sA the stable Auslander–Reiten quiver of A obtained
from ΓA by removing the projective-injective modules and the arrows attached to them. By general
theory, for any indecomposable projective module P over a selﬁnjective algebra A, there is a canonical
Auslander–Reiten sequence in mod A of the form
0 → rad P → (rad P/ soc P ) ⊕ P → P/ soc P → 0,
where rad P is the Jacobson radical of P and soc P the socle of P . Hence, we may recover ΓA from
Γ sA if we know the positions of the socle factors P/ soc P (equivalently, the radicals rad P ) of all
indecomposable projective modules P in Γ sA . The Auslander–Reiten translation τA is an automorphism
of the quiver Γ sA and τ
−
A its inverse. The stable Auslander–Reiten quiver Γ
s
A of a selﬁnjective algebra A
admits also the action of the Syzygy operator ΩA which assigns to a module X in Γ sA the kernel
ΩA(X) of a minimal projective cover P A(X) → X of X in mod A. The inverse Ω−A of ΩA on Γ sA
assigns to a module Y in Γ sA the cokernel Ω
−
A (Y ) of a minimal injective envelope Y → I A(Y ) of Y
in mod A. The Auslander–Reiten and Syzygy operators are related by τA = Ω2AνA = νAΩ2A and τ−A =
Ω−2A ν
−1
A = ν−1A Ω−2A , where νA = D HomA(−, A) is the Nakayama functor and ν−1A = HomAop (−, A)D
its inverse. In particular, τA = Ω2A and τ−A = Ω−2A if A is symmetric. We also note that the position
of a simple module S in Γ sA determines the position of its projective cover P A(S) in ΓA , because
ΩA(S) = rad P A(S).
Recall that if A∞ is the inﬁnite quiver 0 → 1 → 2 → ·· · then ZA∞ is the translation quiver of the
form
(i − 1,0) (i,0) (i + 1,0) (i + 2,0)
(i − 1,1) (i,1) (i + 1,1)
(i − 1,2) (i,2)
















···
···
···
· · ·
· · ·
· · ····
with the translation τ deﬁned by τ (i, j) = (i − 1, j) for i ∈ Z, j ∈ N. For r  1, denote by ZA∞/(τ r)
the translation quiver obtained from ZA∞ by identifying each vertex x of ZA∞ with τ r x and each
arrow x → y in ZA∞ with τ rx → τ r y. Then ZA∞/(τ r) is a translation quiver consisting of τ -periodic
vertices of period r, called a stable tube of rank r. The set of all vertices of a stable tube T having ex-
actly one immediate predecessor (equivalently, exactly one immediate successor) is called the mouth
of T .
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is a stable tube of Γ sA . By general theory (see [31,48]) an inﬁnite component C of ΓA is a quasi-tube
if and only if C contains an oriented cycle. Clearly, every stable tube of ΓA is a quasi-tube. By the
crown (see [4]) of a quasi-tube C of ΓA we mean the family of indecomposable modules forming
the mouth of the stable tube Cs together with the indecomposable projective modules P for which
rad P (equivalently, P/ soc P ) lie on the mouth of Cs . For a quasi-tube C of ΓA , we denote by s(C)
the number of simple modules in C , by p(C) the number of projective modules in C , and by r(C) the
rank of the stable tube Cs . Observe that, if C and D are quasi-tubes of ΓA such that Ds = ΩA(Cs),
then s(C) = p(D), p(C) = s(D), and r(C) = r(D).
It has been recently proved in [34] (applying results proved in [5,32,33]) that s(C)+ p(C) r(C)−1
for any quasi-tube C in the Auslander–Reiten quiver ΓA of a selﬁnjective algebra A.
Following [27], a selﬁnjective algebra A is said to be a selﬁnjective algebra of strictly canonical type if
A is isomorphic to an orbit algebra Bˆ/G with B a branch extension (equivalently, branch coextension)
of a canonical algebra C (in the sense of Ringel [39]), with respect to the canonical P1(K )-family
T C = (T Cλ )λ∈P1(K ) of stable tubes of ΓC . The structure and homological properties of the Auslander–
Reiten quivers of selﬁnjective algebras of strictly canonical type have been described in our paper [27].
Moreover, in [28] a classiﬁcation of the symmetric algebras of strictly canonical type, invoking Brauer
tree algebras, has been established.
The following main result of the paper gives a characterization of selﬁnjective algebras of strictly
canonical type.
Main Theorem. Let R be an indecomposable, triangular, selﬁnjective, locally bounded K -category over an
algebraically closed ﬁeld K , G an admissible inﬁnite cyclic group of automorphisms of R, and A = R/G the
associated selﬁnjective orbit algebra. The following conditions are equivalent.
(i) A is a selﬁnjective algebra of strictly canonical type.
(ii) There are a positive integer n  1, a family of simple A-modules Sq, q ∈ Z/nZ, and families Cq =
(Cq(λ))λ∈Λq , q ∈ Z/nZ, of components of the Auslander–Reiten quiver ΓA of A without the modules Sq,
q ∈ Z/nZ, such that the following conditions are satisﬁed:
(a) For every q ∈ Z/nZ and λ ∈ Λq, Cq(λ) is a quasi-tube with s(Cq(λ)) + p(Cq(λ)) = r(Cq(λ)) − 1.
(b) For each projective module P lying on the crown of a quasi-tube of Cq, q ∈ Z/nZ, rad P has simple
top and P/ soc P has simple socle.
(c) For each q ∈ Z/nZ, we have ΩA(Csq+1) = Csq .
(d) For every q ∈ Z/nZ and λ ∈ Λq, we have
HomA
(
Sq,Cq(λ)
) = 0 and HomA(Cq(λ), Sq+1) = 0.
(e) For every p,q ∈ Z/nZ, p = q, we have
HomA(Sp,Cq) = 0 and HomA(Cq, Sp+1) = 0.
(f) For each simple module S lying on the crown of a quasi-tube of Cq and an indecomposable A-
module M in the family Cq, q ∈ Z/nZ, we have: HomA(S,M) = 0 if and only if M lies either on
the inﬁnite sectional path in ΓA starting from S or on the inﬁnite sectional path in ΓA ending at
I A(S) = P A(νA(S)).
(g) For each simple module S lying on the crown of a quasi-tube of Cq and an indecomposable A-
module M in the family Cq, q ∈ Z/nZ, we have: HomA(M, S) = 0 if and only if M lies either on
the inﬁnite sectional path in ΓA ending at S or on the inﬁnite sectional path in ΓA starting from
P A(S).
For background on the representation theory of algebras we refer to the books [2,6,40,41]. More-
over, we refer to the articles [1,29,30,36] for a general representation theory of selﬁnjective algebras
of canonical type.
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The aim of this section is to introduce the canonical algebras and describe their canonical family
of stable tubes.
Let m  2 be a natural number, p = (p1, . . . , pm) a sequence of positive natural numbers and
λ = (λ1, . . . , λm) a sequence of pairwise different elements of the projective line P1(K ) = K ∪ {∞}
normalized such that λ1 = ∞ and λ2 = 0. Consider the quiver (p) of the form
◦ ◦
◦ ◦ ◦
◦ ◦
◦ ◦
◦ ◦ ◦
◦ ◦
 
 
 
 








	
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αm,2
α2,2
α1,2
αm,pm−1
α2,p2−1
α1,p1−1
α2,1 α2,p2
α1,1
αm,1
α1,p1
αm,pm
0 ω
(1,1) (1,2) (1, p1 − 1)
(2,1) (2,2) (2, p2 − 1)
(m,1) (m,2) (m, pm − 1)
For m = 2, C(p,λ) is deﬁned to be the path algebra K(p) of the quiver (p) over K . For m  3,
C(p,λ) is deﬁned to be the quotient algebra K(p)/I(p,λ) of the path algebra K(p) by the ideal
I(p,λ) of K(p) generated by the elements
α j,p j . . . α j,1 + α1,p1 . . . α1,1 + λ jα2,p2 . . . α2,1, j ∈ {3, . . . ,m}.
Following [39], C(p,λ) is said to be a canonical algebra of type (p,λ), p the weight sequence of C(p,λ),
and λ the (normalized) parameter sequence of C(p,λ). It follows from [39, (3.7)] that, for a canonical
algebra C = C(p,λ), the Auslander–Reiten quiver ΓC of C is of the form
ΓC = PC ∪ T C ∪ QC ,
where PC is a family of components containing all indecomposable projective C-modules (hence
the unique simple projective C-module S(0) associated to the vertex 0 of (p)), QC is a family of
components containing all indecomposable injective C-modules (hence the unique simple injective C-
module S(ω) associated to the vertex ω of (p)), and T C = (T Cλ )λ∈P1(K ) is a canonical P1(K )-family
of pairwise orthogonal standard stable tubes separating PC from QC and containing all simple C-
modules except S(0) and S(ω). Moreover, if rCλ denotes the rank of the stable tube T Cλ , then rCλi = pi ,
for i ∈ {1, . . . ,m}, and rCλ = 1 for λ ∈ P1(K ) \ {λ1, . . . , λm}.
Let C = C(p,λ) be a canonical algebra. We recall description of modules lying on the mouth of
stable tubes of the canonical P1(K )-family T C = (T Cλ )λ∈P1(K ) of ΓC :
(a) For λ = λ1 = ∞, the mouth of T Cλ = T C∞ consists of the simple C-modules S(1,1), . . . , S(1, p1−1)
at the vertices (1,1), . . . , (1, p1 − 1) of (p), if p1  2, and the nonsimple C-module E(∞) of the
form
K K
K K K
0 0
K K
K K K
0 0
K K K K
 
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 

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 
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11 1
−λ j 1
−λm
1

m-th path
j-th path
with j ∈ {3, . . . ,m};
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at the vertices (2,1), . . . , (2, p2 − 1) of (p), if p2  2, and the nonsimple C-module E(0) of the
form
K K
0 0K
K K
K K
0 0 K
K K
K K K K
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m-th path
j-th path
with j ∈ {3, . . . ,m};
(c) For λ = λ j with j ∈ {3, . . . ,m}, the mouth of T Cλ consists of the simple C-modules S( j,1), . . . ,
S( j, p j − 1) at the vertices ( j,1), . . . , ( j, p j − 1) of (p), if p j  2, and the nonsimple C-module
E(λ j) of the form
0 0
K K K
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0 0
K K K
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1
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i-th path
j-th path
for i ∈ {3, . . . ,m} \ { j};
(d) For λ ∈ P1(K ) \ {λ1, . . . , λm}, the mouth of T Cλ consists of one nonsimple C-module E(λ) of the
form
K K
K K K
K K
K K
K K K
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1
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m-th path
j-th path
with j ∈ {3, . . . ,m}.
The following lemma will be useful in further considerations.
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element in P1(K ) \ {λ1, . . . , λm}. Take pμ = (p1, . . . , pm,1) and λμ = (λ1, . . . , λm,μ). Then the canonical
algebras C = C(p,λ) and Cμ = C(pμ,λμ) are isomorphic.
Proof. We have C = K(p)/I(p,λ), with I(p,λ) = 0 for m = 2, Cμ = K(pμ)/I(pμ,λμ), where
the quiver (pμ) is obtained from the quiver (p) by adding the single arrow 0
αm+1,1←−−−− ω, and
I(pμ,λμ) is the ideal of the path algebra K(pμ) generated by the elements generating I(p,λ) in
K(p) and the additional element
αm+1,1 + α1,p1 . . . α1,1 + μα2,p2 . . . α2,1.
Then the canonical embedding of the quivers (p) ↪→ (pμ) induces an isomorphism C → Cμ of
algebras. 
2. Branch extensions and coextensions of canonical algebras
The aim of this section is to introduce the branch extensions and coextensions of canonical alge-
bras, playing a fundamental role in the paper.
Let B be an algebra and X a module in mod B . The one-point extension of B by X is the 2×2-matrix
algebra
B[X] =
[
B 0
K XB K
]
=
{[
b 0
x λ
]
; b ∈ B, λ ∈ K , x ∈ X
}
with the usual addition of matrices and the multiplication induced from the canonical K–B-bimodule
structure K XB of X . The quiver Q B[X] of B[X] contains the quiver Q B of B as a full convex subquiver,
and there is a single additional vertex in Q B[X] , which is a source. Dually, the one-point coextension of
B by X is the 2× 2-matrix algebra
[X]B =
[
K 0
D(X) B
]
=
{[
λ 0
f b
]
; b ∈ B, λ ∈ K , f ∈ D(X)
}
with the usual addition of matrices and the multiplication induced from the canonical B–K -bimodule
structure of D(X) = HomK (K XB , K ). The quiver Q [X]B of [X]B contains the quiver Q B of B as a full
convex subquiver, and there is a single additional vertex in Q [X]B , which is a sink.
A branch is a ﬁnite connected full bounded subquiver L = (QL, IL), containing the lowest vertex 0,
of the following inﬁnite tree
◦
◦
◦
◦
◦
◦
◦
◦◦






















 
. .
.
. .
.
. .
.
. .
.
. .
.
. .
.
. . . . . .
. . .
. . .
. . .
. . .
α
α α
α
α α
α α α α
β
ββ
β
ββ
ββββ0
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the number of vertices of L is called the capacity of L, and the bound quiver algebra KL = K QL/IL
is called the branch algebra of L. It is known that the class of branch algebras KL of branches L of
capacity n 1 coincides with the class of tilted algebras of the Dynkin equioriented linear quiver type
◦ ◦ ◦ ◦ ◦   . . .(An) :
1 2 3 n − 1 n
(see [39, (4.4)] or [41, (XVI.2.2)]).
Let C = C(p,λ) be a canonical algebra of type (p,λ) and T C = (T Cλ )λ∈P1(K ) its canonical P1(K )-
family of pairwise orthogonal standard stable tubes. Let E1, . . . , Es be a set of pairwise different
modules lying on the mouth of the tubes of T C . Consider the multiple one-point extension of C
C[E1, . . . , Es] =
[ C 0
E1 ⊕ · · · ⊕ Es K1 × · · · × Ks
]
and the multiple one-point coextension of C
[E1, . . . , Es]C =
[ K1 × · · · × Ks 0
D(E1 ⊕ · · · ⊕ Es) C
]
,
where K1 = · · · = Ks = K and the left module structure of E1 ⊕ · · · ⊕ Es over K1 × · · · × Ks is
given by (λ1, . . . , λs)(u1, . . . ,us) = (λ1u1, . . . , λsus) for λ1, . . . , λs ∈ K , u1 ∈ E1, . . . ,us ∈ Es . Observe
that C[E1, . . . , Es] is an iterated one-point extension C[E1][E2] . . . [Es] and [E1, . . . , Es]C is an iter-
ated one-point coextension [E1][E2] . . . [Es]C . Moreover, let C[E1, . . . , Es] = K QC[E1,...,Es]/IC[E1,...,Es]
and [E1, . . . , Es]C = K Q [E1,...,Es]C/I[E1,...,Es]C be canonical bound quiver presentations of C[E1, . . . , Es]
and [E1, . . . , Es]C .
Denote by 0+1 , . . . ,0+s (respectively, 0
−
1 , . . . ,0
−
s ) the extension vertices of QC[E1,...,Es] (respec-
tively, coextension vertices of Q [E1,...,Es]C ) corresponding to the extensions (respectively, coextensions)
by the modules E1, . . . , Es . Choose now branches L1 = (QL1 , IL1 ), . . . ,Ls = (QLs , ILs ) with the
germs 0∗1, . . . ,0∗s , respectively. The branch extension of C (branch T C -extension of C in the sense of
[41, (XV.3)]), with respect to the mouth modules E1, . . . , Es and the branches L1, . . . ,Ls , is the bound
quiver algebra
C[E1,L1, . . . , Es,Ls] = K QC[E1,L1,...,Es,Ls]/IC[E1,L1,...,Es,Ls],
where the bound quiver (QC[E1,L1,...,Es,Ls], IC[E1,L1,...,Es,Ls]) is obtained from the bound quiver
(QC[E1,...,Es], IC[E1,...,Es]) of C[E1, . . . , Es] by adding the bound quivers of the branches L1, . . . ,Ls and
making the identiﬁcation of the vertices 0+i with 0
∗
i for i ∈ {1, . . . , s}. Dually, the branch coextension
of C (branch T C -coextension of C in the sense of [41, (XV.3)]), with respect to the mouth modules
E1, . . . , Es and the branches L1, . . . ,Ls , is the bound quiver algebra
[E1,L1, . . . , Es,Ls]C = K Q [E1,L1,...,Es,Ls]C/I[E1,L1,...,Es,Ls]C ,
where the bound quiver (Q [E1,L1,...,Es,Ls]C , I[E1,L1,...,Es,Ls]C ) is obtained from the bound quiver
(Q [E1,...,Es]C , I[E1,...,Es]C ) of [E1, . . . , Es]C by adding the bound quivers of the branches L1, . . . ,Ls and
making the identiﬁcation of the vertices 0−i with 0
∗
i for i ∈ {1, . . . , s}.
We describe now the bound quivers (QC[E1,L1,...,Es,Ls] , IC[E1,L1,...,Es,Ls]) and (Q [E1,L1,...,Es,Ls]C ,
I[E1,L1,...,Es,Ls]C ) explicitly. Observe ﬁrst that, by Lemma 1.1, we may assume that the mouth modules
E1, . . . , Es belong to the tubes T Cλ with λ ∈ {λ1, . . . , λm}. Moreover, the top E = E/ rad E and the socle
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vertex 0+i is connected to QC by a single arrow γ
+
i with source 0
+
i and sink at the vertex xi of QC
corresponding to the simple top S(xi) of Ei , for any i ∈ {1, . . . , s}. Similarly, each coextension vertex 0−i
is connected to QC by a single arrow γ
−
i with sink 0
−
i and source at the vertex yi of QC correspond-
ing to the simple socle S(yi) of Ei , for any i ∈ {1, . . . , s}. Therefore, we obtain the following description
of the bound quivers (QC[E1,L1,...,Es,Ls], IC[E1,L1,...,Es,Ls]) and (Q [E1,L1,...,Es,Ls]C , I[E1,L1,...,Es,Ls]C ).
Proposition 2.1.
(i) The quiver Q C[E1,L1,...,Es,Ls] is obtained from the quivers Q C , QL1 , . . . , QLs by identifying 0
+
i = 0∗i and
adding the arrows
0+i = 0∗i
γ +i−→ xi, i ∈ {1, . . . , s},
and the ideal IC[E1,L1,...,Es,Ls] is generated by the elements generating the ideals IC , IL1 , . . . , ILs and the
paths of length 2
γ +i α ji ,ti , i ∈ {1, . . . , s},
where Ei is a mouth module of T Cλ ji with λ ji ∈ {λ1, . . . , λm} and α ji ,ti is the unique arrow on the path
α ji ,p ji . . . α ji ,1 with source xi .
(ii) The quiver Q [E1,L1,...,Es,Ls]C is obtained from the quivers Q C , QL1 , . . . , QLs by identifying 0
−
i = 0∗i and
adding the arrows
yi
γ −i−→ 0−i = 0∗i , i ∈ {1, . . . , s},
and the ideal I[E1,L1,...,Es,Ls]C is generated by the elements generating the ideals IC , IL1 , . . . , ILs and the
paths of length 2
α ji ,riγ
−
i , i ∈ {1, . . . , s},
where Ei is a mouth module of T Cλ ji with λ ji ∈ {λ1, . . . , λm} and α ji ,ri is the unique arrow on the path
α ji ,p ji . . . α ji ,1 with sink yi .
Observe that α ji ,ti = α ji ,p ji and α ji ,ri = α ji ,1 if Ei is the unique nonsimple mouth module E
(λ ji )
of T Cλ ji .
By general theory (see [39, Chapter 4], [4, Chapter XV]), for a branch extension C[E1,L1, . . . , Es,Ls]
(respectively, branch coextension [E1,L1, . . . , Es,Ls]C ) of a canonical algebra C , the canonical
P1(K )-family T C = (T Cλ )λ∈P1(K ) of stable tubes of ΓC is transformed into a canonical P1(K )-family
T C[E1,L1,...,Es,Ls] = (T C[E1,L1,...,Es,Ls]λ )λ∈P1(K ) of ray tubes of ΓC[E1,L1,...,Es,Ls] (respectively, a canoni-
cal P1(K )-family T [E1,L1,...,Es,Ls]C = (T [E1,L1,...,Es,Ls]Cλ )λ∈P1(K ) of coray tubes of Γ[E1,L1,...,Es,Ls]C ). In
particular, the ray tubes of T C[E1,L1,...,Es,Ls] may contain projective modules but not injective mod-
ules, while the coray tubes of T [E1,L1,...,Es,Ls]C may contain injective modules but not projective
modules. We also note that by [41, Theorem XV.3.9] the class of branch T C -extensions (respectively,
branch T C -coextensions) of a canonical algebra C coincides with the class of T C -tubular extensions
(respectively, T C -tubular coextensions) of C in the sense of [39, 4.7].
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In this section we recall needed background on selﬁnjective orbit algebras. Recall that the repetitive
algebra of an algebra B is a locally ﬁnite algebra (without identity)
Bˆ =
⊕
m∈Z
(
Bm ⊕ D(B)m
)
,
where Bm = B and D(B)m = D(B) for all m ∈ Z, and the multiplication in Bˆ is deﬁned by
(am, fm)m · (bm, gm)m = (ambm,amgm + fmbm−1)m
for am,bm ∈ Bm , fm, gm ∈ D(B)m . Then the identity maps Bm → Bm+1 and D(Bm) → D(Bm+1) induce
an algebra automorphism νBˆ of Bˆ , called the Nakayama automorphism of Bˆ , such that the orbit algebra
Bˆ/(νBˆ) is isomorphic to the trivial extension T (B) = B  D(B) of B by D(B), which is a symmetric
algebra.
Let B be an algebra and EB = {ei | 1 i  n} be a ﬁxed set of orthogonal primitive idempotents of
B with 1B = e1 + · · · + en . Then we have the associated canonical set EˆB = {em,i | m ∈ Z, 1  i  n}
of orthogonal primitive idempotents of the repetitive algebra Bˆ of B such that em,1 + · · · + em,n is the
identity of Bm , and νBˆ(em,i) = em+1,i for any m ∈ Z, i ∈ {1, . . . ,n}. By an automorphism of Bˆ we mean
a K -linear algebra automorphism ϕ of Bˆ preserving the set EˆB . An automorphism ϕ of Bˆ is said to
be
• positive if, for each pair (m, i) ∈ Z × {1, . . . ,n}, we have ϕ(em,i) = ep, j for some p m and some
j ∈ {1, . . . ,n};
• rigid if, for each pair (m, i) ∈ Z × {1, . . . ,n}, we have ϕ(em,i) = em, j for some j ∈ {1, . . . ,n};
• strictly positive if it is positive but not rigid.
Observe that the Nakayama automorphism νBˆ is a strictly positive automorphism of Bˆ . A group G
of automorphism of Bˆ is said to be admissible if it acts freely on the set EˆB and has ﬁnitely many
orbits. We may identify the algebra B with a ﬁnite K -category B whose objects are elements of EB ,
the morphism spaces are deﬁned by B(ei, e j) = e j Bei for all i, j ∈ {1, . . . ,n}, and the composition of
morphisms is given by the multiplication in B . Similarly, we consider the repetitive algebra Bˆ of B as
a K -category with the objects set EˆB , the morphism spaces deﬁned by
Bˆ(em,i, er, j) =
⎧⎨⎩
e j Bei, r =m,
D(ei Be j), r =m + 1,
0, otherwise,
and the composition of morphisms given by the multiplication in B and the canonical B–B-bimodule
structure of D(B) = HomK (B, K ). Then an automorphism of the repetitive algebra Bˆ is just an au-
tomorphism of the K -category Bˆ . Moreover, an admissible group of automorphisms of Bˆ is a group
G of automorphisms of the K -category Bˆ acting freely on the set EˆB of objects of Bˆ and having
ﬁnitely many orbits. We refer to [37] for more information on automorphisms of repetitive algebras
(categories).
Let B be an algebra and G be an admissible group of automorphisms of Bˆ . Following Gabriel [20]
we may consider the ﬁnite orbit K -category Bˆ/G deﬁned as follows. The objects of Bˆ/G are the
elements a = Gx of the set EˆB/G of G-orbits in EˆB and the morphism spaces are given by
(Bˆ/G)(a,b) =
{
( f y,x) ∈
∏
(x,y)∈a×b
Bˆ(x, y)
∣∣∣ g · f y,x = f gy,gx for all g ∈ G, x ∈ a, y ∈ b},
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to each object x of Bˆ its G-orbit Gx, and, for any objects x of Bˆ and a of Bˆ/G , F induces natural K -
linear isomorphisms ⊕
y∈EˆB ,F y=a
Bˆ(x, y) ˜−→ (Bˆ/G)(F x,a),
⊕
y∈EˆB ,F y=a
Bˆ(y, x) ˜−→ (Bˆ/G)(a, F x).
The ﬁnite-dimensional algebra
⊕
a,b∈Eˆ/G(Bˆ/G)(a,b) associated to the orbit category Bˆ/G is a self-
injective algebra, denoted by Bˆ/G and called an orbit algebra of Bˆ , with respect to the admissible
automorphism group G of Bˆ . The group G acts also on the category mod Bˆ of right Bˆ-modules
(identiﬁed with contravariant functors from Bˆ to mod K with ﬁnite support) by gM = M ◦ g−1 for
any M ∈ mod Bˆ and g ∈ G . Further, we have the push-down functor Fλ : mod Bˆ → mod Bˆ/G such that
Fλ(M)(a) =⊕x∈a M(x) for a module M in mod Bˆ and an object a of Bˆ/G (see also [12]).
The following theorem is a consequence of [20, Lemma 3.5, Theorem 3.6].
Theorem 3.1. Let B be an algebra and G a torsion-free admissible group of K -linear automorphism of Bˆ. Then
(i) The push-down functor Fλ : mod Bˆ → mod Bˆ/G induces an injection from the set of G-orbits of isomor-
phism classes of indecomposable modules inmod Bˆ into the set of isomorphism classes of indecomposable
modules in mod Bˆ/G.
(ii) The push-down functor Fλ :mod Bˆ → mod Bˆ/G preserves the Auslander–Reiten sequences.
In general, the push-down functor Fλ : mod Bˆ → mod Bˆ/G , associated to a Galois covering
F : Bˆ → Bˆ/G is not dense (see [13,14]). Following [13], a repetitive category Bˆ is said to be locally
support-ﬁnite, if for any object x of Bˆ , the full subcategory of Bˆ given by the supports suppM of all
indecomposable modules M in mod Bˆ with M(x) = 0 is ﬁnite. Here, by a support of a module M in
mod Bˆ we mean the full subcategory of Bˆ given by all objects z with M(z) = 0.
The following consequence of [14, Proposition 2.5] (see also [13, Theorem]) will be essentially
applied in the next section.
Theorem 3.2. Let B be an algebra with locally support-ﬁnite repetitive category Bˆ, and G be a torsion-free
admissible group of automorphisms of Bˆ. Then the push-down functor Fλ : mod Bˆ → mod Bˆ/G is dense. In
particular, Fλ induces an isomorphism of the orbit translation quiver ΓBˆ/G of the Auslander–Reiten quiver ΓBˆ
of Bˆ , with respect to the action of G, and the Auslander–Reiten quiver ΓBˆ/G of Bˆ/G.
We end this section with information on isomorphisms of repetitive categories (algebras) of alge-
bras.
Let B be a triangular algebra, identiﬁed with the full subcategory of Bˆ given by the objects e0,k ,
k ∈ {1, . . . ,n}. Then, for any sink i (respectively, source j) of Q B , the full subcategory of Bˆ given by
the objects e0,k , k ∈ {i, . . . ,n} \ {i}, and e1,i = νB(e0,i) (respectively, the objects e0,k , k ∈ {1, . . . ,n} \ { j},
and e−1, j = ν−Bˆ (e0, j)) is the reﬂection S
+
i B of B at i (respectively, the reﬂection S
−
j B of B at j), and
we have isomorphism of K -categories (algebras) Bˆ ∼= Ŝ+i B (respectively, Bˆ ∼= Ŝ−j B). In fact, we have
the following general theorem (see [22]).
Theorem 3.3. Let B and B ′ be triangular algebras. The following statements are equivalent.
(i) Bˆ ∼= Bˆ ′ .
(ii) B ′ ∼= S+i . . . S+i B for a reﬂection sequence of sinks i1, . . . , ir of Q B .r 1
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For an algebra B , we denote by mod Bˆ the stable category of mod Bˆ . Recall that the objects of
mod Bˆ are the modules in mod Bˆ without nonzero projective direct summands, and, for any two
objects M and N in mod Bˆ , the space HomBˆ(M,N) of morphisms from M to N is the quotient
HomBˆ(M,N)/P Bˆ(M,N), where P Bˆ(M,N) is the subspace of HomBˆ(M,N) consisting of all morphisms
which factorize through a projective Bˆ-module. For a morphism f ∈ HomBˆ(M,N), the induced mor-
phism f + P Bˆ(M,N) in HomBˆ(M,N) is denoted by f . We note that the Syzygy operators ΩBˆ and Ω−Bˆ
induce two mutually inverse functors ΩBˆ , Ω
−
Bˆ
: mod Bˆ → mod Bˆ .
4. Proof of the main theorem
Let A = R/G for an indecomposable, triangular, selﬁnjective, locally bounded K -category R and
an admissible, inﬁnite cyclic group G of automorphisms of R . Then A is a basic, indecomposable,
ﬁnite-dimensional selﬁnjective K -algebra, and hence A ∼= K Q /I where Q = Q A is the Gabriel quiver
of A and I is an admissible ideal of the path algebra K Q of Q (see [2, Theorem II.3.7]) since K is an
algebraically closed ﬁeld. Moreover, the quiver Q is connected, because A is indecomposable. Further,
it follows from [12, Section 2] that R ∼= K Q R/I R where Q R is a connected, locally ﬁnite, acyclic quiver
and I R is an admissible ideal of the path category K Q R of Q R . Without loss of generality, we may
assume that A = K Q /I , R = K Q R/I R , G is an admissible inﬁnite cyclic group of automorphisms of R
induced by an automorphism group of the bound quiver (Q R , I R), Q = Q A is the orbit quiver Q R/G
and I is the image of I R under the associated Galois covering functor F : R → R/G = A. Since G is an
inﬁnite cyclic group, it follows from [12,20] that the following statements hold:
(a) Fλ induces a bijection between the G-orbits of the isomorphism classes of simple R-modules and
the isomorphism classes of simple A-modules.
(b) Fλ induces a bijection between the G-orbits of the isomorphism classes of indecomposable pro-
jective R-modules and the isomorphism classes of indecomposable projective A-modules.
(c) νA Fλ ∼= FλνR as functors on mod R .
(d) τA Fλ ∼= FλτR as functors on mod R .
(e) ΩA Fλ ∼= FλΩR as functors on mod R .
The implication (i) ⇒ (ii) follows [27, Section 5]. We will prove that (ii) implies (i).
Assume that there exist families Cq = (Cq(λ))λ∈Λq , q ∈ Z/nZ, of quasi-tubes in ΓA and simple
A-modules Sq , q ∈ Z/nZ, for some positive integer n, such that the conditions (a)–(g) of (ii) are
satisﬁed.
We note that our assumption on A does not yield that the push-down functor Fλ :mod R → mod A
is dense, because we do not know at this stage of the proof that R is a locally support-ﬁnite category
(see [13,14]).
We will show that A ∼= Bˆ/G , where B is a branch extension of a canonical algebra C , with respect
to the canonical P1(K )-family T C of stable tubes of ΓC , and G is an inﬁnite cyclic group generated
by a strictly positive automorphism ϕ of Bˆ . We show the claim by induction on the rank of the
Grothendick group K0(A) of A. Observe that K0(A) is of rank at least n. The proof will be divided
into several steps.
(I) Assume that the simple modules Sq , q ∈ Z/nZ, form a complete family of pairwise nonisomor-
phic simple A-modules, or equivalently, K0(A) is of rank n. Therefore, for each λ ∈ Λq , q ∈ Z/nZ, we
have Cq(λ) = Csq(λ) and s(Cq(λ)) = 0, p(Cq(λ)) = 0, r(Cq(λ)) = 1. We claim that R ∼= Hˆ , where H is
the path algebra K of the Kronecker quiver
 : 0 1.
α1
α2
484 M. Kwiecien´, A. Skowron´ski / Journal of Algebra 323 (2010) 473–508It follows from our assumption that the quiver Q has Z/nZ = {0,1, . . . ,n − 1} as the set of vertices.
Since A = R/G , where G is an inﬁnite cyclic group of automorphisms of R (and (Q R , I R)), we may
assume that the set Z of integers is the set of vertices of the quiver Q R and G is generated by an
automorphism ϕ of R such that ϕ(i) = i + n for any i ∈ Z. For each q ∈ Z/nZ, denote by Pq = P A(Sq)
the projective cover of the simple module Sq in mod A. Then there exist simple modules SR(i) and
indecomposable projective modules P R(i), i ∈ Z, in mod R such that P R(i) is the projective cover of
SR(i) in mod R , for any i ∈ Z, and
Sq = Fλ
(
SR(q + ln)
)
and Pq = Fλ
(
P R(q + ln)
)
for any q ∈ {0,1, . . . ,n − 1} and l ∈ Z.
Fix q ∈ Z/nZ. Then it follows from the conditions imposed on A that Cq = (Cq(λ))λ∈Λq is a fam-
ily of stable tubes of rank 1 consisting of modules M whose socle soc(M) belongs to the additive
category add(Sq) of the simple modules Sq , while the top top(M) of M belongs to the additive cat-
egory add(Sq+1) of the simple module Sq+1. Moreover, for a module M in Cq , we have a short exact
sequence
0 → ΩA(M) → P A(M) → M → 0
in mod A. Hence top(P A(M)), isomorphic to top(M), belongs to add(Sq+1), and consequently P A(M)
belongs to the additive category add(Pq+1) of the indecomposable projective A-module Pq+1. More-
over, then Sq is a simple composition factor of the module Pq+1. Further, we have ΩA(Cq) = ΩA(Csq) =
Csq−1 = Cq−1 and hence soc(ΩA(M)) belongs to the additive category add(Sq−1) of the simple mod-
ule Sq−1. Since P A(M) is an injective envelope of ΩA(M), we conclude that soc(P A(M)), isomor-
phic to soc(ΩA(M)), belongs to add(Sq−1). In particular, we obtain Sq−1 = soc(Pq+1), and hence
Sq+1 = νA(Sq−1).
Therefore, since νA Fλ ∼= FλνR , we conclude that νR(SR(i)) = SR(i + 2) and there are paths from
i + 2 to i + 1 and from i + 1 to i in Q R , for any i ∈ Z. Hence, invoking the assumption that R is a
triangular locally bounded K -category (Q R is an acyclic locally ﬁnite quiver), we conclude that R ∼= Hˆ ,
where H is the path algebra K(m) of a quiver
(m) : 0 1



α1
α2
αm
.
.
.
for some m 1, and A = R/G ∼= Hˆ/G∗ for an inﬁnite cyclic group G∗ of automorphisms of Hˆ , gener-
ated by a strictly positive automorphism ϕ∗ of Hˆ . Observe that m 2. Indeed, for m = 1, A ∼= Hˆ/G∗ is
a Nakayama algebra, and so ΓA is a ﬁnite quiver, a contradiction because ΓA contains quasi-tubes. On
the other hand, for m 3, A ∼= Hˆ/G∗ is a selﬁnjective algebra of wild tilted type and all components
of ΓA are acyclic (see [16, Sections 3–5]). Hence m = 2, H = K for  = (2), and A = R/G ∼= Hˆ/G∗
is a selﬁnjective algebra of strictly canonical type.
(II) Assume that the family C =∨q∈Z/nZ Cq =∨q∈Z/nZ∨λ∈Λq Cq(λ) of quasi-tubes of ΓA contains
at least one simple module. Clearly, then K0(A) is of rank at least n + 1. Observe that, if a simple A-
module S belongs to a family Cq = (Cq(λ))λ∈Λq , then its projective cover P A(S) is an indecomposable
projective module in the family Cq−1, because ΩA(Csq) = Csq−1 and we have in mod A an Auslander–
Reiten sequence of the form
0 → rad P A(S) → rad P A(S)/ soc P A(S) ⊕ P A(S) → P A(S)/ soc P A(S) → 0,
with rad P A(S) = ΩA(S) in Cq−1. Therefore, the family C contains both a simple module and a pro-
jective module.
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
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






















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




M0,0 M1,1 M2,2 Mr−2,r−2 Mr−1,r−1 Mr,r
M0,1 M1,2 Mr−2,r−1 Mr−1,r
M0,2 Mr−2,r
M1,r−1
M0,r−1 M1,r
M0,r = rad P
· · ·
· ·
·· · ·
· · ·
···
for some r  1, called the cone at rad P . Then it follows from [26, Theorem A and Corollary C]
that the modules M1,1,M2,2, . . . ,Mr,r are simple, while the modules M0,0 = τAM1,1 and Mr+1,r+1 =
τ−1A Mr,r are not simple. Then, applying ΩA , we obtain that ΩA(M1,1) = rad P A(M1,1), ΩA(M2,2) =
rad P A(M2,2), . . . ,ΩA(Mr,r) = rad P A(Mr,r) lie on the mouth of the stable tube ΩA(Csp(μ)), which is a
stable tube Csp−1(ξ), for some ξ ∈ Λp−1, because ΩA(Csp) = Csp−1. Clearly, then ΩA(M0,0) = rad P ′ and
P A(Mr,r)/ soc P A(Mr,r) = ΩA(Mr+1,r+1) = rad P ′′ for indecomposable projective A-modules P ′ and P ′′ .
In particular, the indecomposable projective A-modules P A(M1,1), P A(M2,2), . . . , P A(Mr,r) lie on the
crown of the quasi-tube Cp−1(ξ).
(2) Since ΩA(Csq+1) = Csq holds for any q ∈ Z/nZ, we may choose (after eventual renumbering of
C0,C1, . . . ,Cn−1) a family of quasi-tubes Tq , q ∈ Z/nZ, satisfying the following conditions:
(a) For each q ∈ Z/nZ, Tq is a quasi-tube of Cq and ΩA(T sq+1) = T sq ;
(b) For each i ∈ Z/nZ, the crown of the quasi-tube T2i+1 contains simple modules S(i,1), . . . , S(i,m)
such that S(i,1) = τA S(i,2), . . . , S(i,m − 1) = τA S(i,m), and τA S(i,1), τ−1A S(i,m) are not simple
modules;
(c) For each i ∈ Z/nZ, the crown of the quasi-tube T2i contains indecomposable projective mod-
ules P (i,1), . . . , P (i,m) such that P (i,1)/ soc P (i,1) = rad P (i,2), . . . , P (i,m−1)/ soc P (i,m−1) =
rad P (i,m) and rad P (i,1) = P ′/ soc P ′ , P (i,m)/ soc P (i,m) = rad P ′′ for some indecomposable
projective A-modules P ′ and P ′′;
(d) For each i ∈ Z/nZ and j ∈ {1, . . . ,m}, we have S(i, j) = ν iA(S(1, j)) and P (i, j) = ν iA P (0, j);
(e) For each i ∈ Z/nZ and j ∈ {1, . . . ,m}, we have P (i, j) = P A(S(i, j)).
Observe that, if n is even and t = n2 , then, for r ∈ {0,1, . . . , t − 1} and j = t + r, we have in Z/nZ
the equalities 2 j = 2r and 2 j + 1 = 2r + 1, and consequently the family T2i , i ∈ Z/nZ, consists of the
quasi-tubes
T0,T2, . . . ,Tn−2,
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T1,T3, . . . ,Tn−1,
and these two families of quasi-tubes are disjoint. On the other hand, for n odd, the two families of
quasi-tubes T2i , i ∈ Z/nZ, and T2i+1, i ∈ Z/nZ, coincide and form the family of quasi-tubes
T0,T1,T2,T3, . . . ,Tn−2,Tn−1.
For n odd, we set t = n.
(3) Let e1, . . . , em be a set of pairwise orthogonal idempotents of A such that P (0, j) = e j A and
S(0, j) = e j A/e j rad A for any j ∈ {1, . . . ,m}. Then, for each i ∈ Z/nZ and j ∈ {1, . . . ,m}, we have in
mod A isomorphisms
P (i, j) ∼= ν iA(e j)A and S(i, j) = ν iA(e j)A/ν iA(e j) rad A,
where νA is the Nakayama automorphism of the Frobenius algebra A. Observe that νtA(e j) = e j for
any j ∈ {1, . . . ,m}. Let
e′ =
t−1∑
i=0
m∑
j=1
ν iA(e j).
Then e′ is an idempotent of A with νA(e′) = e′. Consider the idempotent e = 1 − e′ of A and the
algebra A′ = eAe. We have the canonical restriction functor
rese = (−)e :mod A → mod A′
which assigns to a module M in mod A the module rese(M) = Me in mod A′ and to a homo-
morphism f : M → N in mod A the restriction rese( f ) : rese(M) → rese(N) of f to Me. The func-
tor rese is equivalent to the functor HomA(eA,−) given by the projective module eA in mod A
(see [2, Lemma I.4.2, Theorem I.6.8]), and consequently rese is an exact functor. Observe also that
e = νA(e). Then, for each primitive idempotent f of A with ef = f = f e ( f is a primitive sum-
mand of e), rese( f A) = f Ae = f eAe is an indecomposable projective module in mod A′ , rese D(A f ) =
D(A f )e = D(eA f ) = D((eAe) f ) is an indecomposable injective module in mod A′ , top(rese( f A)) =
f (eAe)/ f rad eAe = soc(rese D(A f )), and clearly rese(νA( f )A) = νA( f )(eAe). Therefore, the indecom-
posable projective modules in mod A′ have simple socles, and hence A′ = eAe is a selﬁnjective
(Frobenius) algebra, by the classical result due to Nakayama [35,47]. Moreover, the Nakayama au-
tomorphism ν ′A of A′ is the restriction of the Nakayama automorphism νA of A to A′ = eAe.
Recall that A = R/G , where R is a triangular selﬁnjective locally bounded K -category and G is an
admissible inﬁnite cyclic group of automorphisms of R , say generated by an automorphism g of R .
Denote by R ′ the full subcategory of R given by all objects x whose G-orbits F (x) correspond to
the primitive summands of the idempotent e. Then R ′ is a triangular selﬁnjective locally bounded
K -category and the inﬁnite cyclic group G ′ generated by the restriction g′ of g to R ′ is an admissible
group of automorphisms of R ′ such that A′ = R ′/G ′ .
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quasi-tube T2i admits a full translation subquiver of the form























































 

P (i,1)
•
P (i,2) P (i,m − 1) P (i,m)
•
rad P (i,1) rad P (i,2) rad P (i,m) P (i,m)/ soc P (i,m)
Mi
• •
•
· · ·
· · ·
· · ·
···
···
and the quasi-tube T2i+1 admits a full translation subquiver of the form














































τA S(i,1) S(i,1) S(i,2) S(i,m − 1) S(i,m) τ−1A S(i,m)
• • • •
• •
•
Ni
τAΩ
−1
A (Mi) Ω
−1
A (Mi)
· · ·
· ·
·· · ·
· · ·
···
where Ni is a uniserial A-module with Loewy series
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⎛⎜⎜⎜⎜⎝
S(i,m)
S(i,m − 1)
...
S(i,2)
S(i,1)
⎞⎟⎟⎟⎟⎠ ,
and hence the projective module P (i, j) has Loewy series
P (i, j) =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
S(i, j)
S(i, j − 1)
...
S(i,2)
S(i,1)
Mi
S(i − 1,m)
S(i − 1,m − 1)
...
S(i − 1, j + 1)
S(i − 1, j)
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
where Mi = rad P (i,1)/Ni−1. Moreover, the modules Mi , i ∈ Z/nZ, have simple socle and simple top,
because the modules
rad P (i,1) and P (i,m)/ soc P (i,m) = P (i,m)/S(i − 1,m)
lie on the crown of the quasi-tube, and hence have simple socles and tops, by the assumption (ii)(b).
Hence, the quiver Q = Q A of A contains subquivers of the form
· ·
·
··
·





	
	
	
	
	
	

◦ ◦
◦
◦
◦
◦
◦ ◦
◦
◦
◦
◦
(i,1)
(i,2)
(i,m − 1)
(i,m)
(i − 1,m)
(i − 1,m − 1)
(i − 1,2)
(i − 1,1)
ai−1
bi
bi−1 ai
σi,1
σi,0
σi,2
σi,m−1
σi,m
σi−1,m−1
σi−1,m
σi−1,2
σi−1,1
σi−1,0
for all i ∈ {1, . . . , t}.
Therefore A′ = K Q ′/I ′ , where the quiver Q ′ = Q A′ of A′ is obtained from the quiver Q = Q A of
A by
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• removing all arrows σi, j , (i, j) ∈ {1, . . . , t} × {0,1, . . . ,m};
• adding the arrows bi σi→ ai (replacing the paths σi,mσi,m−1 . . . σi,2σi,1σi,0) for i ∈ {1, . . . , t}, in case
the path σi,mσi,m−1 . . . σi,2σi,1σi,0 is not involved in a minimal relation in I with source bi and
target ai ;
and I ′ is the admissible ideal of K Q ′ of the form ε Iε, where ε is the sum of trivial paths of all
vertices of Q ′ , and consequently e = ε + I is the identity of eAe = K Q ′/I ′ .
(5) Let Q = (Q 0, Q 1), where Q 0 is the set of vertices of Q and Q 1 is the set of arrows of Q .
Similarly, let Q ′ = (Q ′0, Q ′1), where Q ′0 is the set of vertices of Q ′ and Q ′1 is the set of arrows of Q ′ ,
as described above. It follows from [2, Theorem III.1.6] that there are canonical K -linear equivalences
of categories
Φ : mod A → repK (Q , I),
Φ ′ : mod A′ → repK (Q ′, I ′),
where repK (Q , I) and repK (Q
′, I ′) are the categories of K -linear representations of the bound quivers
Q = (Q , I) and Q ′ = (Q ′, I ′), respectively. Then we obtain a commutative diagram of functors
mod A
rese
Φ
mod A′
Φ ′
repK (Q , I)
res(Q ′,I′)
repK (Q
′, I ′)
where the functor res(Q ′,I ′) is deﬁned as follows. Let V = (Vx,ϕα)x∈Q 0,α∈Q 1 be a representation in
repK (Q , I), so Vx , x ∈ Q 0, are ﬁnite-dimensional K -vector spaces, and ϕα : Vs(α) → Vt(α) , α ∈ Q 1, are
K -linear maps (with s(α) the source of α and t(α) the target of α), and the vanishing conditions
imposed by the ideal I are satisﬁed (see [2, Chapter III]). Then V ′ = rep(Q ′,I ′)(V ) is the representation
V ′ = (V ′y,ϕ′β)y∈Q ′0,β∈Q ′1 in repK (Q ′, I ′) such that V ′y = V y for all y ∈ Q ′0, ϕ′β = ϕβ for all arrows β
in Q ′1 different from σ1, σ2, . . . , σt , and ϕ′σi = ϕσi,0ϕσi,1 . . . ϕσi,m−1ϕσi,m , i ∈ {1, . . . , t}, in case an arrow
σi occurs in Q ′ . Moreover, for any homomorphism f = ( fx)x∈Q 0 : V = (Vx,ϕα)x∈Q 0,α∈Q 1 → W =
(Wx,Ψα)x∈Q 0,α∈Q 1 of representations in repK (Q , I) the restriction f ′ = res(Q ′,I ′)( f ) : res(Q ′,I ′)(V ) →
res(Q ′,I ′)(W ) is deﬁned by f ′ = ( f ′x)x∈Q ′0 with f ′x = fx for all vertices x ∈ Q ′0.
(6) Observe that the additive category res(C(Ni)) of the cone C(Ni) of T2i+1 determined by the
uniserial module Ni is the full subcategory of mod A consisting of all modules for which the sim-
ple composition factors belong to the family S(i,1), S(i,2), . . . , S(i,m) of all simple modules of the
cone C(Ni). Therefore, the kernel of the functor rese : mod A → mod A′ , that is, the full subcategory
of mod A consisting of all modules X in mod A with rese(X) = 0, is the additive category
add
( ∨
i∈Z/nZ
C(Ni)
)
= add
( ∨
i∈{1,...,t}
C(Ni)
)
of all cones C(Ni), i ∈ Z/nZ. Consider the semisimple A-module
S∗ =
⊕
(i, j)∈{1,...,t}×{1,...,m}
S(i, j),
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HomA(S∗,M) = 0 and HomA(M, S∗) = 0. Observe that the image rep∗K (Q , I) = Φ (mod∗ A) of the
subcategory mod∗ A via the equivalence functor Φ : mod A → repK (Q , I) is the full subcategory of
repK (Q , I) formed by the representations V = (Vx,Uα)x∈Q 0,α∈Q 1 in repK (Q , I) such that the K -linear
homomorphisms ϕσi, j : V (i, j+1) → V (i, j) are isomorphisms for all (i, j) ∈ {1, . . . , t} × {1, . . . ,m − 1},
and, for any i ∈ {1, . . . , t}, ϕσi,0 : V (i,1) → Vai is injective and ϕσi,m : Vbi → V (i,m) is surjective.
Let V = (Vx,ϕα)x∈Q 0,α∈Q 1 be an indecomposable representation in rep∗K (Q , I). We claim that then
V ′ = res(Q ′,I ′)(V ) is an indecomposable representation in repK (Q ′, I ′). We may assume (up to isomor-
phism) that the representation V has the property:
Vai = V (i,0) = V (i,1) = · · · = V (i,m) = V (i,m+1) = Vbi ,
and ϕσi,0 ,ϕσi,1 , . . . , ϕσi,m−1 ,ϕσi,m are the identity homomorphisms for all i ∈ {1, . . . , t}. Suppose V ′
has a nontrivial decomposition V ′ = U ′ ⊕ W ′ in repK (Q ′, I ′). Then V ′y = U ′y ⊕ W ′y for each vertex
y ∈ Q ′0 and ϕ′β = ξ ′β ⊕ η′β for any arrow β ∈ Q ′1, where ξ ′β : U ′s(β) → U ′t(β) and η′β : W ′s(β) → W ′t(β) .
Observe that, by our assumption ϕ′σi : V ′bi → V ′ai , i ∈ {1, . . . , t}, are the identity homomorphisms, and
hence η′σi : W ′bi → W ′ai , i ∈ {1, . . . , t}, are the identity homomorphisms. Consider the representations
U = (Ux, ξα)x∈Q 0,α∈Q 1 and W = (Wx, ηα)x∈Q 0,α∈Q 1 in repK (Q , I) deﬁned as follows: U y = U ′y and
Wy = W ′y for all vertices y ∈ Q ′0, ξβ = ξ ′β and ηβ = η′β for all arrows β ∈ Q 1 except σ1, σ2, . . . , σt ,
U ′ai = Uai = U (i,0) = U (i,1) = · · · = U (i,m) = Ubi = U ′bi ,
W ′ai = Wai = W (i,0) = W (i,1) = · · · = W (i,m) = Wbi = W ′bi ,
for all i ∈ {1, . . . , t}, and
ξσi, j : U (i, j+1) → U (i, j) and ησi, j : W (i, j+1) → W (i, j)
are the identity homomorphisms for all (i, j) ∈ {1, . . . , t} × {0,1, . . . ,m}. Then U and W are nonzero
representations in repK (Q , I) such that V = U ⊕W (in repK (Q , I)), a contradiction. Therefore, indeed
V ′ = res(Q ′,I ′)(V ) is an indecomposable representation in repK (Q ′, I ′).
Observe also that if V and W are nonisomorphic representations in rep∗K (Q , I) then their restric-
tions V ′ = res(Q ′,I ′)(V ) and W ′ = res(Q ′,I ′)(W ) are nonisomorphic representations in rep∗K (Q ′, I ′).
Invoking now the equality of functors res(Q ′,I ′) Φ = Φ ′ rese established in (5), we conclude that the
functor
res∗e : mod∗ A → mod∗ A′,
induced by the restriction functor rese :mod A → mod A′ , has the following properties:
• res∗e carries the indecomposable modules in mod∗ A to indecomposable modules in mod A′;• res∗e carries the nonisomorphic modules in mod∗ A to nonisomorphic modules in mod A′ .
(7) Consider the K -linear covariant extension functors
Le, Te :mod A′ → mod A
given by the formulas
Le = HomA′(Ae,−), Te = −
⊗
A′
eA.
It follows from [2, Theorem I.6.8] that
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rese Le ∼= 1mod A′ and rese Te ∼= 1mod A′ ;
• The functor Le is right adjoint to rese and the functor Te is left adjoint to rese , that is, there are
functorial isomorphisms
HomA
(
X, Le(Y )
)∼= HomA′(rese(X), Y ),
HomA
(
Te(Y ), X
)∼= HomA′(Y , rese(X)),
for every module X in mod A and every module Y in mod A′;
• The functors Le and Te carry the indecomposable A′-modules to indecomposable A-modules.
Let f : X → E be a left almost split homomorphism in mod A, E = E1 ⊕ · · · ⊕ Es a decomposition
of E into a direct sum of indecomposable modules in mod A, and assume that rese(X) is indecom-
posable in mod A′ , and rese(E1), . . . , rese(Es) are indecomposable modules in mod A′ , which are not
isomorphic to rese(X). We claim that then rese( f ) : rese(X) → rese(E) is a left almost split homomor-
phism in mod A′ . Observe that X is indecomposable in mod A (see [2, Lemma IV.1.3]). We ﬁrst show
that rese( f ) : rese(X) → rese(E) is not a section in mod A′ . We have
f =
⎡⎣ f1...
f s
⎤⎦ : X → s⊕
l=1
El, rese( f ) :
⎡⎣ rese( f1)...
rese( f s)
⎤⎦ : rese(X) → s⊕
l=1
rese(El),
for some irreducible homomorphisms fl : X → El , l ∈ {1, . . . , s}, in mod A. Suppose rese( f ) is a sec-
tion in mod A′ , and h : rese(Z) → rese(X) a homomorphism in mod A′ with h rese( f ) = 1rese(X) . Then
h = [h1, . . . ,hs], for some homomorphisms hl : rese(El) → rese(X), l ∈ {1, . . . , s}, and hi rese( f i) is
an isomorphism for some i ∈ {1, . . . , s}. This leads to a contradiction because rese(X) and rese(Ei)
are indecomposable and nonisomorphic modules in mod A′ . Hence indeed rese( f ) is not a section
in mod A′ . Take now a homomorphism u : rese(X) → U in mod A′ which is not a section. Since
the extension functor Le : mod A′ → mod A is right adjoint to rese , there exists a homomorphism
v : X → Le(U ) in mod A such that rese(v) = u. Clearly, then v is not a section in mod A. It follows
then from our assumption on f that there exists a homomorphism v ′ : E → Le(U ) such that v = v ′ f .
This yields
u = rese(v) = rese(v ′ f ) = rese(v ′) rese( f ).
Therefore, rese( f ) : rese(X) → rese(E) is a left almost split homomorphism in mod A′ .
Let g : L → Z be a right almost split homomorphism in mod A, L = L1⊕· · ·⊕ Lr a decomposition of
L into a direct sum of indecomposable modules in mod A, and assume that rese(Z) is indecomposable
in mod A′ , and rese(L1), . . . , rese(Lr) are indecomposable modules in mod A′ which are not isomorphic
to rese(Z). Then invoking the extension functor Te : mod A′ → mod A, left adjoint to rese , we prove
similarly as above that rese( f ) : rese(L) → rese(Z) is a right almost split homomorphism in mod A′ .
We derive now an important consequence of the above facts. Let
0 → X f→ E g→ Z → 0
be an Auslander–Reiten sequence in mod A, E = E1 ⊕ · · · ⊕ Es a decomposition of E into a direct
sum of indecomposable modules in mod A. Assume rese(X), rese(Z), rese(E1), . . . , rese(Es) are in-
decomposable modules in mod A′ , and rese(E1), . . . , rese(Es) are not isomorphic to rese(X) and not
isomorphic to rese(Z). Then the short exact sequence in mod A′
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is an Auslander–Reiten sequence in mod A′ . This follows from general characterization of almost split
(Auslander–Reiten) sequences (see [2, Theorem IV.1.13]), because rese(X) and rese(Z) are indecom-
posable modules, rese( f ) is a left almost split homomorphism and rese(g) is a right almost split
homomorphism in mod A′ .
In particular, if
0 → X f→ E g→ Z → 0
is an Auslander–Reiten sequence in mod A with X, E, Z in mod∗ A then
0 → rese(X) rese( f )−−−−→ rese(E) rese(g)−−−−→ rese(Z) → 0
is an Auslander–Reiten sequence in mod A′ , because the restriction res∗e of rese to mod∗ A carries
the indecomposable modules in mod∗ A to indecomposable modules in mod A′ , and nonisomorphic
modules in mod∗ A to nonisomorphic modules in mod A′ .
Let P be an indecomposable projective (hence injective) module in mod A of the form P = f A for
a primitive idempotent f of A with ef = f = f e. By general theory (see [2, Proposition IV.3.11]), we
have in mod A an Auslander–Reiten sequence
0 → rad P
[q
i
]
−−→ (rad P/ soc P ) ⊕ P [ j p ]−−−→ P/ soc P → 0,
where i, j are the canonical inclusions and p,q are the canonical projections. Applying the restriction
functor rese : mod A → mod A′ to this Auslander–Reiten sequence, we obtain a short exact sequence
in mod A′
0 → rese(rad P ) → rese(rad P/ soc P ) ⊕ rese(P ) → rese(P/ soc P ) → 0,
which is in fact an Auslander–Reiten sequence in mod A′ with rese(P ) an indecomposable projective-
injective module. Indeed, by the remarks in (3), rese(P ) = rese( f A) = f (eAe) is an indecomposable
projective module in mod A′ , the short exact sequences
0 → rad P i→ P → S → 0,
0 → soc P → P p→ P/ soc P → 0
in mod A, S = νA(soc P ), induce the short exact sequences
0 → rese(rad P ) rese(i)−−−→ rese(P ) → rese(S) → 0,
0 → rese(soc P ) → rese(P ) rese(p)−−−−→ rese(P/ soc P ) → 0
in mod A′ , with rese(S)=top rese(P ), rese(rad P )=rad rese(P ), rese(soc P )=soc rese(P ), rese(P/ soc P )=
rese(P )/ soc rese(P ) and rese(S) = νA′ (soc rese(P )).
(8) In our proof we need also some short exact sequences obtained by glueings of Auslander–
Reiten sequences.
Assume that the Auslander–Reiten quiver ΓA of A admits a full translation subquiver Ω of the
form
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◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
















































· ·
·
· ·
·
· ·
·
· ·
·· · ·
· · ·
· · ·
· · ·
X0,0
X0,1
X0,s−1
X0,s
X1,0
Xt−1,0
Xt,0
Xt,1
Xt,s−1
Xt,s
Xt−1,s
X1,s
X1,1 Xt−1,s−1
Xt−1,1
X1,s−1
with s, t  1, and the possible exception of Xt,0. Then (see [3, Section 2]).
• There exist irreducible homomorphisms f0,i : X0,i−1 → X0,i and gt,i : Xt,i−1 → Xt,i , for i ∈
{1, . . . , s}, f j,0 : X j−1,0 → X j,0 and g j,s : X j−1,s → X j,s for j ∈ {1, . . . , t}, such that the short se-
quence in mod A
0 −→ X0,0
[
f0,s ... f0,1
ft,0... f1,0
]
−−−−−−−→ X0,s ⊕ Xt,0 [ gt,s...g1,s gt,s ...gt,1 ]−−−−−−−−−−−−→ Xt,s −→ 0
is exact, provided the indecomposable module Xt,0 occurs in Ω;
• There exist irreducible homomorphisms f0,i : X0,i−1 → X0,i , i ∈ {1, . . . , s}, and g j,s : X j−1,s → X j,s ,
j ∈ {1, . . . , t}, such that the short sequence in mod A
0 −→ X0,0 f0,s ... f0,1−−−−−−→ X0,s gt,s ...g1,s−−−−−→ Xt,s −→ 0,
is exact, if the module Xt,0 does not occur in Ω .
(9) Our next aim is to show that the images C′q(λ) = rese(Cq(λ)) of the quasi-tubes Cq(λ),
q ∈ Z/nZ, λ ∈ Λq , in ΓA , form families C′q = (C′q(λ))λ∈Λq of quasi-tubes in ΓA′ satisfying the corre-
sponding conditions. Assume Cq(λ) is a quasi-tube, for some q ∈ Z/nZ, λ ∈ Λq , different from the
chosen quasi-tubes T j , j ∈ Z/nZ. Then it follows from the conditions (f) and (g) imposed on A
that Cq(λ) consists entirely of indecomposable modules in the subcategory mod∗ A. Hence, apply-
ing the facts established in (7), we conclude that C′q(λ) = rese(Cq(λ)) = res∗e (Cq(λ)) is a quasi-tube
in ΓA′ , and clearly s(C′q(λ)) = s(Cq(λ)), p(C′q(λ)) = p(Cq(λ)) and r(C′q(λ)) = r(Cq(λ)), and consequently
s(C′q(λ)) + p(C′q(λ)) = r(C′q(λ)) − 1.
We will describe now the images T ′j = rese(T j) of the quasi-tubes T j , j ∈ Z/nZ.
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tains the simple modules S(i,1), S(i,2), . . . , S(i,m), and T contains, as a full translation subquiver,
the following inﬁnite rectangle given by the m + 2 rays in T starting from the modules τA S(i,1),
S(i,1), S(i,2), . . . , S(i,m), τ−1A S(i,m)
         
       
 
 
 
  
  
 

X0 S(i,1) S(i,2) S(i,m − 1) S(i,m) X ′m+1
X ′m+2
•
•
X1 • • •
X2 •
Ni
Xm •
Xm+1
Xm+2
•
· · ·
· ·
·· · ·
· · ·
···
· ·
·
· · ·
· · ·
· · ·
· · ·
· · ·
where X0 = τ−1A S(i,1) and X ′m+1 = τ−1A S(i,m). We note that, by the results proved in [32, Section 4],
the rays (of the above rectangle) starting at X0, S(i,1), . . . , S(i,m) do not contain the radical rad P ′
of a projective module P ′ and the rays starting at S(i,1), . . . , S(i,m), X ′m+1 do not contain the socle
factor P ′′/ soc P ′′ a projective module P ′′ .
For each r  1, let
Xm+r = Z0,r → Z1,r → ·· · → Zm−1,r → Zm,r → Zm+1,r = X ′m+r
be the sectional path in the above rectangle from Xm+r to X ′m+r . Applying (8), we obtain, for each
p ∈ {1, . . . ,m}, a short exact sequence
0 → S(i, p) → Zp,r → Zp+1,r → 0
in mod A, and hence the short exact sequence
0 → rese
(
S(i, p)
)→ rese(Zp,r) → rese(Zp+1,r) → 0
in mod A′ . Since rese(S(i, p)) = 0 for any p ∈ {1, . . . ,m}, we conclude that the A′-modules
rese(Z1,r), rese(Z2,r), . . . , rese(Zm,r), rese(Zm+1,r) = rese
(
X ′m+r
)
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0 → X0 → Xm+1 → Z1,1 → 0,
and hence the induced short exact sequence
0 → rese(X0) → rese(Xm+1) → rese
(
X ′m+1
)→ 0
in mod A′ . Further, for each r  1, we have in mod A an Auslander–Reiten sequence
0 → Xm+r → Xm+r+1 ⊕ Z1,r → Z1,r+1 → 0,
which induces a short exact sequence
0 → rese(Xm+r) → rese(Xm+r+1) ⊕ rese(Z1,r) → rese(Z1,r+1) → 0
in mod A′ . Therefore, we obtain in mod A′ canonical short exact sequences
0 → rese(X0) → rese(Xm+1) → rese
(
X ′m+1
)→ 0,
0 → rese(Xm+r) → rese(Xm+r+1) ⊕ rese
(
X ′m+r
)→ rese(X ′m+r+1)→ 0,
for r  1.
The quasi-tube T = T2i+1 contains also, as a full translation subquiver, the following inﬁnite rect-
angle given by the m + 2 corays in T ending at the modules τA S(i,1), S(i,1), S(i,2), . . . , S(i,m),
τ−1A S(i,m)
         
       
   
 

  
  
 

X0 = Y ′m+1 S(i,1) S(i,2) S(i,m− 1) S(i,m) Y0 = X ′m+1
X1
•
Y ′m+2 • • Y1 = Zm,1
X2• Y2 = Zm−1,1
Ni
Xm Ym = Z1,1
Ym+1 = Xm+1•
Ym+2
· · ·
· ·
·· · ·
· · ·
···
· · ·
It follows again from [32, Section 4] that the corays (of the above rectangle) ending at Y ′m+1,
S(i,1), . . . , S(i,m) do not contain the radical rad P ′ of a projective module P ′ and the corays end-
ing at S(i,1), . . . , S(i,m), Y0 do not contain the socle factor P ′′/ soc P ′′ of a projective module P ′′ .
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Y ′m+r = U0,r → U1,r → ·· · → Um−1,r → Um,r → Um+1,r = Ym+r
be the sectional path in the above rectangle from Y ′m+r to Ym+r . Applying (8), we obtain, for each
p ∈ {1, . . . ,m}, a short exact sequence
0 → Up−1,r → Up,r → S(i, p) → 0
in mod A, and hence a short exact sequence
0 → rese(Up−1,r) → rese(Up,r) → rese
(
S(i, p)
)→ 0
in mod A′ . Since rese(S(i, p)) = 0 for any p ∈ {1, . . . ,m}, we conclude that the A′-modules
rese
(
Y ′m+r
)= rese(U0,r), rese(U1,r), . . . , rese(Um−1,r), rese(Um,r)
are isomorphic. In particular, the A′-modules
rese(X0), rese(X1), . . . , rese(Xm−1), rese(Xm)
are isomorphic. We note also that we proved above that the A′-modules
rese(Y0), rese(Y1), . . . , rese(Ym−1), rese(Ym)
are isomorphic. Applying (8), we obtain a short exact sequence in mod A
0 → Um,1 → Um+1,1 → Y0 → 0,
and hence the induced short exact sequence
0 → rese(Um,1) → rese(Um+1,1) → rese(Y0) → 0
in mod A′ . Similarly, applying (8) again, we have, for each r  1, an Auslander–Reiten sequence in
mod A of the form
0 → Um,r+1 → Um,r ⊕ Ym,r+1 → Ym,r → 0,
and consequently the induced short exact sequence
0 → rese(Um,r+1) → rese(Um,r) ⊕ rese(Ym,r+1) → rese(Ym,r) → 0
in mod A′ . Hence, we obtain in mod A′ canonical short exact sequences
0 → rese
(
Y ′m+1
)→ rese(Ym+1) → rese(Y0) → 0,
0 → rese
(
Y ′m,r+1
)→ rese(Y ′m,r)⊕ rese(Ym,r+1) → rese(Ym,r) → 0,
for r  1.
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the indecomposable projective modules P (i,1), P (i,2), . . . , P (i,m), and rad P (i,1) = P ′/ soc P ′ ,
P (i,m)/ soc P (i,m) = rad P ′′ for any projective modules P ′ , P ′′ . Then the quasi-tube T contains, as a
full translation subquiver, the following inﬁnite rectangle
        
           
         
  
  
  

  
   
  
  
 

• • • • •
• • • •
• • •
• •
• •
•
•
•
P (i,1) P (i,2) P (i,m − 1) P (i,m)
V0 V ′m+1
V ′m+2V1
V2
Vm−1
Mi = Vm
Vm+1
Vm+2
· ··
· · ·
· ·
·· · ·
· · ·
···
· ·
·
· ·
·
· · ·
· · ·
· · ·
· · ·
· · ·
· · ·
and again, by [32, Section 4], P (i,1), P (i,2), . . . , P (i,m) are the unique projective modules in this
rectangle.
For each r  1, let
Vm+r = L0,r → L1,r → ·· · → Lm−1,r → Lm,r → Lm+1,r = V ′m+r
be the sectional path (in the above rectangle) from Vm+r to V ′m+r .
Applying (8), we obtain, for each j ∈ {1, . . . ,m}, a short exact sequence in mod A of the form
0 → rad P (i, j) → P (i, j) ⊕ L j−1,r → L j,r → 0,
and hence a short exact sequence
0 → L j−1,r → L j,r → S(i, j) → 0,
because S(i, j) ∼= P (i, j)/ rad P (i, j). Applying the restriction functor rese , we obtain short exact se-
quences in mod A′
0 → rese(L j−1,r) → rese(L j,r) → rese
(
S(i, j)
)→ 0,
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rese(Vm+r) = rese(L0,r), rese(L1,r), . . . , rese(Lm−1,r), rese(Lm,r)
are isomorphic. Further, applying (8), we obtain in mod A a short exact sequence
0 → Vm → Vm+1 → V ′m+1 → 0,
and hence a short exact sequence in mod A′
0 → rese(Vm) → rese(Vm+1) → rese
(
V ′m+1
)→ 0.
Similarly, for each r  1, we have in mod A a short exact sequence
0 → Vm+r → Vm+r+1 ⊕ V ′m+r → V ′m+r+1 → 0,
and then the induced short exact sequence in mod A′
0 → rese(Vm+r) → rese(Vm+r+1) ⊕ rese
(
V ′m+r
)→ rese(V ′m+r+1)→ 0.
The quasi-tube T = T2i contains also, as a full translation subquiver, the following inﬁnite rectangle
      
       
     
  


   
  
  
 


• •
•
••
• •
•
•
P (i,1) P (i,2) P (i,m− 1) P (i,m)
V0W ′m+1
W ′m+2
W0
V1 W1
Vn−1 Wm−1
Wm = Mi
Wm+1
Wm+2
· · ·
· ·
·· · ·
· · ·
···
· · ·
· · ·
where again, by [32, Section 4], P (i,1), P (i,2), . . . , P (i,m) are the unique projective modules of this
rectangle.
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W ′m+r = E0,r → E1,r → ·· · → Em−1,r → Em,r → Em+1,r = Wm+r
be the sectional path in this rectangle from W ′m+r to Wm+r . For each j ∈ {1, . . . ,m}, we have by (8) a
short exact sequence in mod A of the form
0 → E j,r → E j+1,r ⊕ P (i, j) → P (i, j)/S(i − 1, j) → 0,
and hence a short exact sequence
0 → S(i − 1, j) → E j,r → E j+1,r → 0,
because S(i−1, j) = soc(P (i, j)). Applying the functor rese we obtain short exact sequences in mod A′
0 → rese
(
S(i − 1, j))→ rese(E j,r) → rese(E j+1,r) → 0,
for j ∈ {1, . . . ,m}. Since rese(S(i − 1, j)) = 0 for any j ∈ {1, . . . ,m}, we conclude that the A′-modules
rese(E1,r), rese(E2,r), . . . , rese(Em,r), rese(Em+1,r) = rese(Wm+r)
are isomorphic. Applying now (8), we obtain also in mod A a short exact sequence
0 → W ′m+1 → Wm+1 → Wm → 0,
and hence the induced short exact sequence in mod A′
0 → rese
(
W ′m+1
)→ rese(Wm+1) → rese(Wm) → 0.
Similarly, for each r  1, we have in mod A a short exact sequence
0 → W ′m+r+1 → W ′m+r ⊕ Wm+r+1 → Wm+r → 0,
and then the induced short exact sequence in mod A′
0 → rese
(
W ′m+r+1
)→ rese(W ′m+r)⊕ rese(Wm+r+1) → rese(Wm+r) → 0.
We claim now that, for each i ∈ Z/nZ, the images of all indecomposable modules of the full trans-
lation subquiver of T = T2i below, via the restriction functor rese : mod A → mod A′ , are isomorphic
to the A′-module rese(Mi).
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        
    

 
 

 
    
  

P (i,1) P (i,2) P (i,3) P (i,m− 2) P (i,m− 1) P (i,m)
R0,1 = V0 R1,2 R2,3 Rm−2,m−1 Rm−1,m W0 = Rm,m+1
R0,2 = V1 R1,3 Rm−2,m W1 = Rm−1,m+1
W2 = Rm−2,m+1R0,3 = V2
R1,m−1
R2,m−1
R2,m
R0,m−1 = Vm−2 R1,m Wm−2 = R2,m+1
Wm−1 = R1,m+1R0,m = Vm−1
Vm = Mi = Wm
||
R0,m+1
· · ·
· · ·
· · ·
···
· ·
·
· ·
·
· · ·
Applying (8), we obtain, for 1 j < km + 1, a short exact sequence
0 → R j−1, j → R j−1,k ⊕ P (i, j) → R j,k → 0
in mod A, and hence a short exact sequence
0 → R j−1,k → R j,k → S(i, j) → 0,
in mod A, because P (i, j)/R j−1, j = P (i, j)/ rad P (i, j) = S(i, j), so consequently a short exact sequence
in mod A′
0 → rese(R j−1,k) → rese(R j,k) → rese
(
S(i, j)
)→ 0.
Since rese(S(i, j)) = 0, we conclude that rese(R j−1,k) and rese(R j,k) are isomorphic in mod A′ , for all
1 j < km + 1. Hence, for each k ∈ {2, . . . ,m + 1}, the A′-modules
rese(R0,k), rese(R1,k), . . . , rese(Rk−1,k)
are isomorphic. In particular, for k =m + 1, we obtain that the A′-modules
rese(Mi) = rese(R0,m+1), rese(R1,m+1), . . . , rese(Rm,m+1)
are isomorphic.
Applying (8) again, we obtain, for all 0 l < j m, short exact sequences
0 → Rl, j → Rl, j+1 ⊕ P (i, j) → R j, j+1 → 0
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0 → S(i − 1, j) → Rl, j → Rl, j+1 → 0
in mod A, because S(i − 1, j) = soc P (i, j) and R j, j+1 = P (i, j)/ soc P (i, j), so consequently a short
exact sequence
0 → rese
(
S(i − 1, j))→ rese(Rl, j) → rese(Rl, j+1) → 0
in mod A′ . Since rese(S(i − 1, j)) = 0, we conclude that rese(Rl, j) and rese(Rl, j+1) are isomorphic in
mod A′ , for 0 l < j m. Hence, for each l ∈ {0, . . . ,m − 1}, the A′-modules
rese(Rl,l+1), rese(Rl,l+2), . . . , rese(Rl,m+1)
are isomorphic. Summing up, we proved that all A′-modules rese(R j,k), for 0  j < k m + 1, are
isomorphic to rese(Mi).
Observe also that the short exact sequences in mod A
0 → R j−1, j → P (i, j) → S(i, j) → 0,
0 → S(i − 1, j) → P (i, j) → R j, j+1 → 0,
for j ∈ {1, . . . ,m}, yield isomorphisms in mod A′
rese(R0,1) ∼= rese
(
P (i,1)
)∼= rese(R1,2) ∼= rese(P (i,2))∼= · · · ∼= rese(P (i,m))∼= rese(Rm,m+1).
Therefore, the A′-modules
rese
(
P (i,1)
)
, rese
(
P (i,2)
)
, . . . , rese
(
P (i,m)
)
are also isomorphic to rese(Mi).
(12) We are now in position to describe the images T ′q = rese(Tq) of the quasi-tubes Tq , q ∈ Z/nZ.
We have two cases to consider.
Assume n is even, hence n = 2t . Applying (6), (7), (10) and (11) we conclude that, for each i ∈
{0,1, . . . , t − 1},
• T ′2i+1 = rese(T2i+1) is a quasi-tube of ΓA′ obtained from the quasi-tube T2i+1 by
– removing m rays starting from the simple modules S(i,1), S(i,2), . . . , S(i,m),
– removing m corays ending at the simple modules S(i,1), S(i,2), . . . , S(i,m),
– replacing the remaining indecomposable A-modules M of T2i+1 by the indecomposable A′-
modules rese(M) (observe that these modules M are exactly all indecomposable modules of
mod∗ A lying in T2i+1),
– replacing the arrows M → N in T2i+1 between indecomposable modules M and N from mod∗ A
by the arrows rese(M) → rese(N),
– replacing the sectional paths Xm+r → ·· · → X ′m+r in T2i+1 by the arrows rese(Xm+r) →
rese(X ′m+r) in T ′2i+1, for all r  1,
– replacing the sectional paths Y ′m+r → ·· · → Ym+r in T2i+1 by the arrows rese(Y ′m+r) →
rese(Ym+r) in T ′2i+1, for all r  1;• T ′2i = rese(T2i) is a quasi-tube of ΓA′ obtained from the quasi-tube T2i by
– removing m inﬁnite sectional paths starting from the projective modules P (i,1), P (i,2), . . . ,
P (i,m),
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P (i,m),
– replacing the remaining indecomposable A′-modules M of T2i by the indecomposable A′-
modules rese(M) (observe that these modules M are exactly all indecomposable modules of
mod∗ A lying in T2i),
– replacing the arrows M → N in T2i between indecomposable modules M and N from mod∗ A
by the arrows rese(M) → rese(N) in T ′2i ,
– replacing the sectional paths Vm+r → ·· · → V ′m+r in T2i by the arrows rese(Vm+r) →
rese(V ′m+r) in T ′2i , for all r  1,
– replacing the sectional paths W ′m+r → ·· · → Wm+r in T2i by the arrows rese(W ′m+r) →
rese(Wm+r) in T ′2i , for all r  1.
Observe that s(T ′2i+1) = s(T2i+1) −m, p(T ′2i+1) = p(T2i+1), r(T ′2i+1) = r(T2i+1) −m, and hence we
have
s
(T ′2i+1)+ p(T ′2i+1)= s(T2i+1) + p(T2i+1) −m = r(T2i+1) − 1−m = r(T ′2i+1)− 1.
Similarly, s(T ′2i) = s(T2i), p(T ′2i) = p(T2i) −m, r(T ′2i) = r(T2i) −m, and hence we obtain
s
(T ′2i)+ p(T ′2i)= s(T2i) + p(T2i) −m = r(T2i) − 1−m = r(T ′2i)− 1.
Assume n is odd, hence n = t . Then, for each q ∈ Z/nZ, we have Tq = T2i+1 = T2 j for some i, j ∈
Z/nZ (uniquely determined by q). Applying (6), (7), (10) and (11) again, we conclude that
• T ′q = rese(Tq) is a quasi-tube of ΓA′ obtained from the quasi-tube Tq by
– removing m rays starting from the simple modules S(i,1), S(i,2), . . . , S(i,m),
– removing m corays ending at the simple modules S(i,1), S(i,2), . . . , S(i,m),
– removing m inﬁnite sectional paths starting from the projective modules P ( j,1), P ( j,2), . . . ,
P ( j,m),
– removing m inﬁnite sectional paths ending at the projective modules P ( j,1), P ( j,2), . . . ,
P ( j,m),
– replacing the remaining indecomposable A-modules M of Tq by the indecomposable A′-
modules rese(M) (note that these modules M are exactly all indecomposable modules of
mod∗ A lying in Tq),
– replacing the arrows M → N in Tq between indecomposable modules M and N from mod∗ A
by the arrows rese(M) → rese(N) in T ′q ,
– replacing all sectional paths X → F1 → ·· · → Fs → Y in Tq , where X and Y are modules
from mod∗ A while F1, . . . , Fs are removed modules of Tq (equivalently, not in mod∗ A), by the
arrows rese(X) → rese(Y ) in T ′q .
Observe, that s(T ′q ) = s(Tq) −m, p(T ′q ) = p(Tq) −m, r(T ′q ) = r(Tq) − 2m, and hence we have
s
(T ′q )+ p(T ′q )= s(Tq) + p(Tq) − 2m = r(Tq) − 1− 2m = r(T ′q )− 1.
(13) We proved that ΓA′ admits the family C′q = (C′q(λ))λ∈Λq of quasi-tubes such that C′q(λ) =
rese(Cq(λ)) and s(C′q(λ)) + p(C′q(λ)) = r(C′q(λ)) − 1 for any q ∈ Z/nZ and λ ∈ Λq . It follows also
from (7) that for every indecomposable projective A-module P not isomorphic to a module P (i, j),
(i, j) ∈ {0, . . . , t − 1} × {1, . . . ,m}, rese(P ) is an indecomposable projective A′-module and we have in
mod A′ an Auslander–Reiten sequence
0 → rese(rad P ) → rese(rad P/ soc P ) ⊕ rese(P ) → rese(P/ soc P ) → 0,
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and rese(P/ soc P ) = rese(P )/ rese(soc P ). Moreover, by (9), (10), (11) and (12), such a projective
module P lies on the crown of a quasi-tube Cq(λ) if and only if its restriction rese(P ) lies on
the crown of C′q(λ) = rese(Cq(λ)). Further, by the assumptions (b), (f) and (g) imposed on A, the
top of rad P and the socle of P/ soc P are simple A-modules not isomorphic to a module S(i, j),
(i, j) ∈ {0, . . . , t − 1} × {1, . . . ,m}, and hence the top of rad rese(P ) = rese(rad P ) and the socle of
rese(P )/ soc rese(P ) = rese(P/ soc P ) are simple A′-modules.
Observe also that the simple A′-modules are of the form f A′/ f rad A′ = f Ae/( f rad A)e =
rese( f A/ f rad A) = f A/ f rad A for the primitive idempotents f of A with f e = f = ef , that is,
the simple A′-modules coincide with the simple A-modules in mod∗ A, equivalently the simple
A-modules not isomorphic to the simple A-modules S(i, j), (i, j) ∈ {0, . . . , t − 1} × {1, . . . ,m}. In par-
ticular, for every simple A′-module S we have Le(S) ∼= S ∼= Te(S). This yields isomorphisms
HomA′
(
S, rese(M)
)∼= HomA(S,M),
HomA′
(
rese(M), S
)∼= HomA(M, S)
for all simple A′-modules S and arbitrary modules M in mod A. Therefore, we conclude that the
simple A′-modules S lying on the crowns of quasi-tubes C′q(λ), q ∈ Z, λ ∈ Λq , satisfy the conditions (f)
and (g), because the simple modules S lie on the crowns of quasi-tubes Cq(λ), q ∈ Z, λ ∈ Λq , and the
conditions (f) and (g) are satisﬁed for A.
We claim now that ΩA′ ((C′q+1)s) = (C′q)s for any q ∈ Z/nZ. Indeed, if Z is an indecomposable
nonprojective module in the family C′q+1 = rese(Cq+1), then Z = rese(M) for an indecomposable non-
projective module M in the family Cq+1 which belongs to mod∗ A, and so the top of M belongs to
mod∗ A. We have then a short exact sequence
0 → ΩA(M) → P A(M) → M → 0
in mod A, where P A(M) = I A(ΩA(M)). Applying the functor rese : mod A → mod A′ we obtain a short
exact sequence in mod A′
0 → rese
(
ΩA(M)
)→ rese(P A(M))→ rese(M) → 0,
where rese(P A(M)) is a projective A′-module whose top is isomorphic to the top top(rese(M)) =
rese(top(M)) of rese(M), and the socle of rese(ΩA(M)) is isomorphic to the socle soc(rese P A(M)) =
rese(soc P A(M)) of rese(P A(M)). This shows that rese(ΩA(M)) ∼= ΩA′ (rese(M)) = ΩA′ (Z). Since
ΩA(Csq+1) = Csq , by the condition (c) imposed on A, we conclude that ΩA′ (Z) belongs to C′q . Therefore,
ΩA′ ((C′q+1)s) = (C′q)s as required.
Clearly, S ′q = rese(Sq) = Sq is a family of simple A′-modules which do not belong to the families C′q ,
q ∈ Z/nZ, of quasi-tubes.
Let q ∈ Z/nZ and λ ∈ Λq . Then, by the assumption (d) on A, we have HomA(Sq,Mq(λ)) = 0 and
HomA(Nq(λ), Sq+1) = 0 for some indecomposable modules Mq(λ) and Nq(λ) in the quasi-tube Cq(λ).
Observe that Mq(λ) and Nq(λ) are not in the subcategory Ker rese = add(∨i∈Z/nZ C(Ni)). Then it fol-
lows from (9), (10), (11) and (12) that there exist indecomposable modules M∗q (λ) and N∗q (λ) from
mod∗ A in Cq(λ) such that rese(Mq(λ)) ∼= rese(M∗q (λ)) and rese(Nq(λ)) ∼= rese(N∗q (λ)), and these are
indecomposable modules of the quasi-tube C′q(λ). Therefore, we obtain
HomA′
(
S ′q, rese
(
M∗q(λ)
))= HomA′(S ′q, rese(Mq(λ)))= HomA(Sq,Mq(λ)) = 0,
HomA′
(
rese
(
N∗q (λ)
)
, S ′q
)= HomA′(rese(Nq(λ)), S ′q)= HomA(Nq(λ), Sq) = 0,
and hence HomA′ (S ′q,C′q(λ)) = 0 and HomA′ (C′q(λ), S ′q+1) = 0. Thus the condition (d) holds for A′ .
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HomA(Sp,Cq) = 0 and HomA′ (C′q, S ′p+1) = HomA(Cq, Sp+1) = 0, and so (e) also holds for A′ .
(14) Summing up our considerations in (II), we proved that A′ = eAe is an orbit algebra R ′/G ′ ,
for an indecomposable, triangular, selﬁnjective, locally bounded K -category R ′ and an inﬁnite cyclic
group G ′ of automorphisms of R ′ , for which there exists a positive integer n, a family of simple
A′-modules S ′q , q ∈ Z/nZ, and families C′q = (C′q(λ))λ∈Λq , q ∈ Z/nZ, of components of the Auslander–
Reiten quiver ΓA′ of A′ , without the modules S ′q , q ∈ Z/nZ, satisfying the conditions (a)–(g). Moreover,
the rank of K0(A′) is smaller than the rank of K0(A). Hence, by induction (note that the smallest
possible case K0(A) of rank n has been considered in the part (I) of the proof), A′ is a selﬁnjective
algebra of strictly canonical type. Therefore, R ′ is the repetitive category B̂ ′ of a branch extension
B ′ of a canonical algebra C , with respect to the canonical P1(K )-family T C = (T Cλ )λ∈P1(K ) of stable
tubes of ΓC , ad G ′ is a group of automorphisms of B̂ ′ generated by a strictly positive automorphism
ϕ′ of B̂ ′ . Hence, by [27, Theorem 5.3], we conclude that C′q = (C′q(λ))λ∈Λq , q ∈ Z/nZ, are the families
C A′q = (C A′q (λ))λ∈P1(K ) of quasi-tubes described precisely in [27, Section 5]. We may assume (without
loss of generality) that C′0 = C A
′
0 = (C A
′
0 (λ))λ∈P1(K ) is the P1(K )-family of quasi-tubes in ΓA′ obtained
from the canonical P1(K )-family T B ′ = (T B ′λ )λ∈P1(K ) of ray tubes of ΓB ′ (and the canonical P1(K )-
family T C = (T Cλ )λ∈P1(K ) of stable tubes of ΓC ) by the corresponding quasi-tube enlargements (see
[27, Sections 2 and 3]). In particular, we have that T ′0 = rese(T0) is a quasi-tube C A
′
0 (λ0), for some
λ0 ∈ P1(K ).
Observe now that the indecomposable A-module M0 of the quasi-tube T0, occurring as a subfactor
of the projective modules P (0,1), P (0,2), . . . , P (0,m) lying on the crown of T0 (see (4)), lies on the
crown of the quasi-tube T ′0 = rese(T0) (see (11)) and is neither the radical rad P ′ of a projective
module P ′ in T ′0 nor the socle factor P ′′/ soc P ′′ of a projective module P ′′ in T ′0 . Then it follows
from [27, Theorem 3.1] that M0 is an admissible ray module of the ray tube T B ′λ0 of T B
′
, that is, there
is a unique inﬁnite sectional path in T B ′λ0 starting from M0 satisfying the conditions of [41, XV.2.1].
Consider now the linear quiver
(Am) : ◦ ◦ ◦ ◦ ◦   . . . ,1 2 3 m − 1 m
the path algebra H = Hm = K(Am) of (Am), and denote by Y the unique indecomposable
projective-injective H-module. Then the m-linear extension
B = B ′(M0,m) =
[
B ′ × H 0
M0 ⊕ Y K
]
of B ′ at M0 is a branch extension of the canonical algebra C (see also [41, Theorem XV.3.9]). Moreover,
it follows from [27, Theorems 5.1 and 5.3], that R is the repetitive category Bˆ of B , G is an inﬁnite
cyclic group generated by a strictly positive automorphism ϕ of Bˆ , which is a canonical extension of
the strictly positive automorphism ϕ′ of B̂ ′ to Bˆ (observe that R ′ = B̂ ′ is a full subcategory of R = Bˆ),
and consequently A = R/G is a selﬁnjective algebra of strictly canonical type.
5. Examples
In this section we exhibit examples of selﬁnjective algebras showing that the assumption that the
selﬁnjective algebra A is an orbit algebra R/G of a triangular selﬁnjective locally bounded category
R is essential for the validity of the characterization of selﬁnjective algebras of strictly canonical type
proved in Section 4.
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
◦
◦ ◦
◦
◦ ◦
◦


















βm
βm−1
βm−2
β1
β2
β3
α
·
·
·
and K an algebraically closed ﬁeld of arbitrary characteristic. Consider the ideals of the path algebra
K Q (m) of Q (m) over K :
• I(m) generated by the elements α2, αβm . . . β2β1 + βm . . . β2β1α, β1βm and β jβ j−1 . . .
β1αβm . . . β j+1β j , for j ∈ {1, . . . ,m − 1};
• J (m) generated by the elements α2 − αβm . . . β2β1, αβm . . . β2β1 + βm . . . β2β1α, β1βm and
β jβ j−1 . . . β1αβm . . . β j+1β j , for j ∈ {1, . . . ,m− 1};
and the associated bound quiver algebras
A(m) = K Q (m)/I(m) and Λ(m) = K Q (m)/ J (m)
It has been proved in [11, Section 5] that:
(1) A(m) and Λ(m) are weakly symmetric algebras,
(2) A(m) and Λ(m) are nonisomorphic algebras,
(3) A(m)/ soc A(m) and Λ(m)/ socΛ(m) are isomorphic algebras,
(4) A(m) = B̂(m)/G(m), where B(m) is the tilted algebra of Euclidean type A˜2m−1 of the form
K(m)/L(m), for the quiver (m) of the form
◦ ◦
◦ ◦ ◦ ◦ ◦ ◦ ◦

      





. . . . . .
α
β1 βm β
∗
1
β2 βm−1 β∗2 β∗m−1
and L(m) the ideal of the path algebra K(m) of (m) generated by the element β∗1βm , and
G(m) is an inﬁnite cyclic group of automorphisms of B̂(m) generated by a strictly positive auto-
morphism ϕm of B̂(m).
(5) Λ(m) does not admit a proper Galois covering, and hence Λ(m) is not an orbit algebra Bˆ/G for
an algebra B and an admissible automorphism group G of Bˆ .
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Therefore, the selﬁnjective algebra A(m) of strictly canonical type admits the socle deformation Λ(m)
which is not a selﬁnjective algebra of strictly canonical type. We refer to [11] (see also [43, Section 4])
for a wide class of such pairs of selﬁnjective algebras, constructed with the use of Brauer graphs.
Example 5.2. Let m,n 2 be integers and Q (m,n) the quiver of the form
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α1 α2
βm
βm−1
βm−2
β1
β2
β3
γm
γm−1
γm−2
γ1
γ2
γ3
and K an algebraically closed ﬁeld. Consider the ideals of the path algebra K Q (m,n) of Q (m,n):
• I(m,n) generated by the elements α2α1 + βm . . . β2β1 + γn . . . γ2γ1,α1α2, β1βm , γ1γn , β jβ j−1 . . .
β1α2α1βm . . . β j+1β j , for j ∈ {1, . . . ,m − 1}, γrγr−1 . . . γ1α2α1γn . . . γr+1γr , for r ∈ {1, . . . ,n − 1};
• J (m,n) generated by the elements α2α1 + βm . . . β2β1 + γn . . . γ2γ1, α1α2α1, α2α1α2, α1α2 −
α1βm . . . β2β1α2, β1βm , γ1γn , β jβ j−1 . . . β1α2α1βm . . . β j+1β j , for j ∈ {1, . . . ,m − 1}, γrγr−1 . . .
γ1α2α1γn . . . γr+1γr , for r ∈ {1, . . . ,n − 1};
and the associated bound quiver algebras
A(m,n) = K Q (m,n)/I(m,n) and Λ(m,n) = K Q (m,n)/ J(m,n).
Observe now that A(m,n) is a selﬁnjective algebra of strictly canonical type of the form B̂(m,n)/
G(m,n), where B(m,n) is the bound quiver algebra K(m,n)/L(m,n) for the quiver (m,n) of the
form
◦ ◦ ◦
◦ ◦
◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦
◦ ◦
◦ ◦
 



 
















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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. . .
. . .
. . .
. . .β1 β2 βm
β∗1 β∗2 β∗m−1
α1 α2 α
∗
1
γ1
γ2
γn γ ∗1
γ ∗2 γ ∗n−1
and L(m,n) is the ideal of the path algebra K(m,n) generated by α2α1 + βm . . . β2β1 + γn . . . γ2γ1,
α∗1α2, β∗1βm , γ ∗1 γn , and G(m,n) is an inﬁnite cyclic group of automorphisms of B̂(m,n) generated
by a strictly positive automorphism ϕm,n of B̂(m,n). Moreover, B(m,n) is a branch extension of the
M. Kwiecien´, A. Skowron´ski / Journal of Algebra 323 (2010) 473–508 507canonical algebra C(m,n) = K QC(m,n)/IC(m,n) , where QC(m,n) is the full subquiver of (m,n) given by
the arrows α1, α2, β1, β2, . . . , βm , γ1, γ2, . . . , γn , and IC(m,n) is the ideal of the path algebra K QC(m,n)
of QC(m,n) generated by α2α1+βm . . . β2β1+γn . . . γ2γ1. In particular, A(m,n) is a selﬁnjective algebra
of strictly canonical type. A direct checking also shows that Λ(m,n) is a selﬁnjective algebra such
that the factor algebras A(m,n)/ soc A(m,n) and Λ(m,n)/ socΛ(m,n) are isomorphic. On the other
hand it follows from the arguments applied in [8, Lemma 5.10] (in the case m = n = 2) that the
algebras A(m,n) and Λ(m,n) are isomorphic if and only if K is of characteristic different from 2.
Finally, it is easy to check that, for K of characteristic 2, the algebra Λ(m,n) does not admits a
proper Galois covering, and hence is not an orbit algebra Bˆ/G for an algebra B and an admissible
automorphism group G of Bˆ . Summing up, for K of characteristic 2, the selﬁnjective algebra A(m,n)
of strictly canonical type admits the socle deformation Λ(m,n) which is not a selﬁnjective algebra of
strictly canonical type. We also mention that the algebra A(m,n) (equivalently, Λ(m,n)) is of tame
representation type if and only if (m,n) = (2,2). Finally, we note that the algebra A(2,2) is the
preprojective algebra P (D4) of Dynkin type, and, for K of characteristic 2, Λ(2,2) is the unique (up
to isomorphism) deformed preprojective algebra P f (D4) of Dynkin type D4 (see [9,17] for details).
It would be interesting to determine all selﬁnjective algebras Λ such that Λ/ socΛ ∼= A/ soc A for
a selﬁnjective algebra A of strictly canonical type.
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